Solution to exam dynamical systems June 25, 2008

Question 1:
The eigenvalues and eigenvector of A are

11
)\:3§+i§\/§andw:(1—i\/§,2)

as well as their conjugates. Note that r = /13 and w = %ﬂ'. Then take
C = [Rew — Imw]. The solution is given by:

vV 13t cos %t — 13t sin %t

z(t) =C
®) \/ﬁt sin%75 \/ﬁt cos%t

(1)

Question 2:

a)

At fixed points, we have £ = ¢y = 0. There are two fixed points: one at
(0,0) and one at (4,2). To determine the stability we need to examine the
eigenvalues of the Jacobian at these points. The Jacobian is given by:
1y 1 ]

e

The eigenvalues of DF(0,0) are 1 and —1. Hence (0,0) is a saddle. The
eigenvalues of DF(4,2) are 1(5 4 v/13) > 0 and (5 — v/13) > 0. Hence
(0,0) is unstable.

b) The new fixed points are (0,0,G(0,0)) and (4,2,G(4,2)). The Jacobian

becomes

%:17 -1 0

-1 2y O ,

G, Gy -1
where G, and G, the partial derivatives of G to = and y respectively.
The first two eigenvalues of this matrix are the eigenvalues found in the
previous exercise. The third eigenvalue is —1. Hence the new fixed points
are all saddles.

Question 3:

a) See p. 4 of the syllabus. A flow satisfies the following two criteria: ®(0,z) =

x and ®(t1 + to, x) = P(ta, P(t1,2)).

b) Observe that:

®(0,2) = m =z.



Moreover:

q)(tl,m)
(I)(tl, 17) + (1 — (I’(tl,SL‘))CtQ

T
z+(l—z)et1

D(ta, (t1,2)) =

x (1—z)efr
z+(l—z)et1 + w+(1fz)e”1 !
x
= = (I)(tl + ta, {E)

x4 (1 —x)etrtts

c) Since z(t) = ®(t,20), we have & = 22. Hence f(z) = £. Note that:

0 _ —zo(1 —xp)e’

atq)(t’ -770) - ((EO ¥ (1 — .’E())et>2
B xo " —(1 = mg)et
a0+ (1 —x0)et T ao+ (1 —x0)et

— o _ xo + (1 — :z:g)et
= =(?) <x0+(1—x0)et xo—l—(l—mo)et)

=z(t)(z(t) — 1).
Hence f(z) = z(z — 1).

Question 4:

a) True. Note that:

-1 1
Tn T Tn—1

Tn+1

and % + %\/5 is a fixed point of this difference equation. Our sequence

starts at rg = 1. The question is whether it converges to % + %\/5 Note
that % + %\/5 > 1, > rp_1. This only shows that lim,, . 7, < % + %\/5,
but it is close enough as a proof. (Alternatively: rewrite the system as a

first-order linear difference equation, solve and calculate the limit.)

b) False. The function is not Lipschitz-continuous at « = 0.

c¢) True. Linearizing the function around a fixed point shows that the Jaco-
bian is the Hessian of F. Since F is strictly concave, the eigenvalues of the
Hessian are strictly negative and hence the fixed point is asymptotically

stable.



