Exam Stochastic Calculus, May 2003

This is not an open-book exam, but students are allowed to consult two sheets of notes. Always provide
a motivation with your answer. The numbers [n] at the start of each question give the maximum number
of credits to be obtained for each question. The total number of credits for all questions is 120, but
only the best-answered questions, together giving a maximum of 100 credits, will be taken into account.

Hence some questions, together worth 20 credits, may be skipped.

1. Consider a stock with price S;,# =0, 1, ..., N, satisfying under the probability measure PP,

S;_1e*t?,  with probability %,

S, =
' S;_1e*7?, with probability %

where 0 > p > 0. The risk-free, continuously compounded interest rate is equal to », where

0<r<upu.

(a) [5] Show that forallz =1,..., N, the parameters u and o are equal to the conditional mean
and standard deviation (volatility) of the continuously compounded return over the period

[t — 1, ¢], conditional on F,_; = o (Sp, S1, ..., Si—1).

(b) [5] Consider a digital option, which has a payoff

1, ifSy> K,

Cy=
0, ifSy <K,

Derive an expression for the expected discounted value of the payoff, conditional on the

stock price at time N — 1 being K, i.e., derive an expression for
EP[E_rCN|SN,1 = K]

(c) [10] Derive, from the principle of no arbitrage, an expression for the fair price Cy_; of
the option, when Sy_; = K. Your answer should involve the construction of a portfolio
that replicates the payoff of the option. Explain why this price differs from the expected

discounted value of question (b).
2. Consider the process X; = fot e VU= qdW,, where W, is a standard Brownian motion and y > 0.

(a) [10] Use integration by parts to show that X, = W, — ye™ "’ fot eV Wids = f(t, Wy).

(b) [10] Use I1t6’s formula applied to f(¢, ;) to show that X, satisfies the stochastic differential
equation

[Hint: for any process Z;, and its integral Z, = fot Zsds, you may assume BZt/at = Z, and
dZ,/aW, =0.]


















