Final Exam Stochastic Calculus, 17 June 2005

Write your name and student number on all your work. This is not an open-book exam; a list with tech-
nical results is included with the exam. For each question the maximum number of points is indicated.
In total 115 points can be obtained, but only the best-answered questions, together worth 100 points,

will be taken into account. [Hence a number of questions, together worth 15 points, may be skipped.]

1. Consider a one-period market with three assets and two states of the world at ¢ = 1, with price

vector P att = 0 and payoff matrix D at ¢ = 1 given by

1 11
P = 1 ) D=0 2
Co 2 4

Both states of the world have a positive probability.

(a) [5] Obtain the state-price vector 1, and use this to obtain the no-arbitrage price Cj.

(b) [5] Suppose that Cy = 2. Construct an arbitrage, i.e., a portfolio which has a zero price at

t = 0 and a nonnegative payoff at £ = 1, which is strictly positive with positive probability.

2. Consider a two-period market with a stock with price S; and a cash bond with price By, t =
0,1,2 = T. The bond price is given by B; = e, with continuously compounded interest rate

r = 0.05. For the natural logarithm of the stock price, log S;, we assume the following binomial

tree:
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(a) [5] Show that this correspond to the usual multiplicative binomial tree for S; = exp(log Sy).

What is the value of the one-period volatility o that would lead to this tree for log S;?

(b) [S] Let p be the probability of going up in the tree. Calculate the expected one-period
return on the stock, E[(S; — S;—1)/Si—1], as a function of p, and determine the risk-neutral
probability, i.e., that value of p for which this expected stock return equals the one-period
bond return (B; — By—1)/Byi—1.



























