Final Exam General Equilibrium Theory, MSc Econometrics,
Tuesday, January 25, 2005, 14:00-17:00.

Clearly motivate all your answers.

Write your name and student number on all sheets. You can earn 25 points for
each of the 4 exercises. Divide your time between exercises efficiently and do not
spend too much on one specific exercise!

Good luck!

Exercise 1
Consider an Edgeworth box economy with preferences and initial endowments

1 2
up (1) = x5, wi=(9,3),

ug (z2) = 2Inxp+1Inxen, wy=(3,9).

(a) Draw an Edgeworth box with some indifference curves for consumer 1 and 2.
Show that the set of Pareto efficient allocations is given by

161’11
,To € IR% : =12, =12, 29, =
{$1 T3 11T+ T2 To1 + Too Ta1 1+ 2y }

and sketch this set in the Edgeworth box. Also sketch the contract curve in the
Edgeworth box.

(b) What does the First Fundamental Theorem of Welfare Economics say? Deter-
mine the Walrasian equilibrium of the above economy, with commodity 1 as the
numeraire (that is, py = 1). Is the result consistent with the first fundamental
theorem? Explain.

(c) What does the Second Fundamental Theorem of Welfare Economics say? Illus-
trate this theorem in an Edgeworth box.

(d) The government wants consumer 1 to consume the allocation (6, 9%) and con-
sumer 2 to consume the allocation (6, 2%) Check that this is a Pareto efficient
allocation. The government wants to achieve this allocation by imposing a
lump-sum tax of 7" on consumer 2 and subsidize consumer 1 with this money.
Determine the value of 7" which achieves this. Which theorem does the govern-
ment implictly use here? Explain.



Exercise 2

Consider an exchange economy with L commodities and I consumers. Each consumer
i has a vector of endowments w; € IRY, and preferences represented by a strongly
monotonic, continuous and strictly concave utility function u; : ZRJLr — IR. Each con-
sumer maximizes his utility function given his budget constraint. This gives individual
demand function z; (p,p-w;) and an aggregate excess demand function z : IRi — IR,

defined as z (p) = S, (#; (p, p-w;) — w;), which satisfies the following conditions:
(i) Walras’ law: p - z (p) = 0.
(11) Homogeneity of degree zero in prices: z (ap) = z (p) for all a > 0.

(i1i) z(p) is continuous.

An equilibrium of this economy is denoted as p* such that z (p*) < 0. In this exercise
we will show that such an equilibriun always exists under the conditions (7)- (7).

(a) Proof Walras’ law and argue that homogeneity of degree zero has to hold.

We will use Brouwer’s fixed point theorem, which says that if A C IR* is a nonempty,
compact (that is, closed and bounded) and convex set, and if f : A — A is a
continuous function from A into itself, then f(-) has a fixed point, that is, there is
an p € A such that p = f (p).

We will apply this theorem to the set S, which is defined as S = { pGZRi : Zle m = 1},
and the function g (p) = (g1 (p),..., 9z (p)) defined on S as

_m + max {z (p),0}
ap) =17 S°F max {z (p),0}

Note that S is closed and that g (+) is continuous.

I=1,...,L

(b) Sketch S for L = 2 and L = 3 and show that, for arbitrary L, S is bounded and
convex. (Recall that a set A is convex when for every z,y € A and for every
A € [0, 1], we have that Az + (1 — \)y € A.)

(c) Show that if p € S, that then also ¢ (p) € S.

(d) Argue, from the above, that a point p* exists, such that p; = ¢; (p*) and show
that this implies

Y opia () = (pf +max{z (p7),0}) 2 (0. (1)

=1

(e) Show that (1) implies that z; (p*) < 0, for all /, and therefore that an equilibrium
exists. (Hint: use Walras’ law.)



Exercise 3

Consider an exchange economy with two consumers, one commodity and three states
of the world. Let x; be the consumption of consumer 7, 7 = 1,2, in state s, s = 1,2,3
and let wg; be the initial endowment of consumer ¢ in state s. Preferences of the
two consumers can be represented by strictly convex, and strongly monotonic utility
functions U; : IRY — IR, i = 1,2. Endowments of the consumers are given by

w1 = (w11,w21,w31) = (40,0, 0) and wy = (w12,w22,w32) = (0,20, 20)-

The Arrow-Debreu equilibrium prices are p* = (3,4, @) and the equilibrium allocation
is 7 = (20,10, 5) and =} = (5, 10, 15).

(a) Argue that we must have o = 4 and = 20. Which property of the preferences
mentioned above are you using (implicitly)? Explain.

(b) Explain the concept of contingent commodities. Is the equilibrium allocation
(a7, z3). Pareto efficient? Explain.

Now assume that there are no contingent commodities, but that asset markets open
at time ¢ = 0 and that the market for the physical commodity opens at t = 1. There
are three assets with return vectors r; = (1,1,1), o = (1,0,0) and r3 = (1,0, 1).

(c) Is the asset structure complete?

(d) Determine the Radner equilibrium of this economy (portfolio trades z} and con-
sumption plans z} for ¢ = 1,2 and equilibrium price vectors p} and equilibrium
asset prices ¢F for s =1,2,3 ). Is the equilibrium allocation Pareto-efficient?

Exercise 4

Consider an overlapping generations economy. Each generation consists of one (rep-
resentative) consumer living for two periods. There is a single commodity and cp
resp. ¢, denote consumption of generation ¢ when young resp. when old. Every
consumer has well-behaved preferences represented by a strict convex and stronly
monotonic utility function U (cp, ¢4r) and endowments (wp, w,) >> 0. Let p, = pff—l
be the interest rate.

(a) Write down the optimization problem of the consumer born in period ¢, and
the condition for market clearing in the commodity market for period t.

There are two steady states: the monetary steady state with p = 1 and steady
state allocation (¢, ¢, ), and the autarkic steady state p* > 0 where each generation
consumes its own endowment, giving the steady state allocation (wp,w,).








